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Logistic equation (ODE)

ur=u(a—u

where a > 0 is a constant: carrying capacity/resources.
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Homogeneous Environment - Constant Coefficients
Logistic equation (ODE)

ur=u(a—u)

where a > 0 is a constant: carrying capacity/resources.
With spatial variables (PDE)

u=dAu+ula—u) inQx(0,T),
ou=20 on oQ x (0, T),
where d > 0, u = u(x, t) and Q is a bounded smooth domain in RV;

N
92 ) . .
A= ; pred 8, = 5 and v is the unit outer normal on 9.
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Homogeneous Environment - Constant Coefficients
Logistic equation (ODE)

ur=u(a—u)

where a > 0 is a constant: carrying capacity/resources.
With spatial variables (PDE)

u=dAu+ula—u) inQx(0,T),
ou=0 on 00 x (0, T),

where d > 0, u = u(x, t) and Q is a bounded smooth domain in RV;
N o2 0
A= —; 0, = —, and v is the unit outer normal on 09.
; o2 o v unit ou
Fact: The unique steady state (s.s.) u = a is globally asymptotically

stable (g.a.s.).
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Heterogeneous Environment

In a heterogeneous environment m(x) > 0, nonconstant

ur =dAu+u(m(x)—u) inQx(0,T),
ou=20 on 9Q x (0, T).
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Heterogeneous Environment

In a heterogeneous environment m(x) > 0, nonconstant

ur =dAu+u(m(x)—u) inQx(0,T),
ou=20 on 9Q x (0, T).

Fact: For every d > 0, there exists unique positive s.s. 04 (or 04 m)-
Moreover, 04 is globally asymp. stable (g.a.s.).
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Heterogeneous Environment
In a heterogeneous environment m(x) > 0, nonconstant

ur = dAu+u(m(x) —u) inQx(0,T),
ou=0 on 90 x (0, T).

Fact: For every d > 0, there exists unique positive s.s. 04 (or 04 m)-
Moreover, 04 is globally asymp. stable (g.a.s.).

@ Observe that [Lou, 2006]

0= de |V'9d| + Jom— Jq 04

= / Og > / m(x) vd > 0, since 64 # const.
Q Q
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i.e. the total population is always greater than the total carrying
capacity!
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i.e. the total population is always greater than the total carrying
capacity!

Moreover, [, 04 — [, m(x) as d — 0 or oo, since

0 m asd — 0,
d=7 .- 1
m:= g J[om asd— oo
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i.e. the total population is always greater than the total carrying
capacity!

Moreover, [, 04 — [, m(x) as d — 0 or oo, since

9 m asd — 0,
d=7 .- 1
m:= g J[om asd— oo

u
J.Qd

e

@ What is the value maxg-¢ [q 0a?
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i.e. the total population is always greater than the total carrying
capacity!

Moreover, [, 04 — [, m(x) as d — 0 or oo, since

9 m asd — 0,
d=7 .- 1
m:= g J[om asd— oo

u
Jota

e

@ What is the value maxg-¢ [q 0a?
@ Where is maxg~o [, 04 assumed?
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Discussions: Effectiveness of Spatial Heterogeneity
and Fitness in terms of Diffusion Rate

@ Question: How does spatial concentration/variation of resources
affect properties of solutions?
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@ Question: How does spatial concentration/variation of resources
affect properties of solutions? Is larger variation/concentration
“better” or “worse”?
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@ Define E(m) = supy~q 0q/M.
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@ Question: How does spatial concentration/variation of resources
affect properties of solutions? Is larger variation/concentration
“better” or "worse”?

@ Define E(m) = supy~q 0a/Mm.

Question: Is E(m) bounded above indep of m? If so, what is the
optimal bound?

@ Question: Is it possible that, for some m and d, 64(x) > m(x),
everywherein x € Q ?
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Discussions: Effectiveness of Spatial Heterogeneity
and Fitness in terms of Diffusion Rate

@ Question: How does spatial concentration/variation of resources
affect properties of solutions? Is larger variation/concentration
“better” or "worse”?

@ Define E(m) = supy~q 0a/Mm.

Question: Is E(m) bounded above indep of m? If so, what is the
optimal bound?

@ Question: Is it possible that, for some m and d, 64(x) > m(x),
everywhere in x € Q ? What characterizes those m’s and d’s?

(These questions have profound impacts on competition systems.)
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Lotka-Volterra Competition

Lotka-Volterra competition system (ODE):

Ut = U(a1 — b1 U— Cq V) in (0, T),
Vi = V(ag —bU—-0c V) in (07 T)

@ a;: carrying capacity / intrinsic growth rate;
@ by, co: intra-specific competition;
@ by, cq: inter-specific competition

are all positive constants.
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"Slower diffuser always prevails!”

Up = dy AU+ U(m(x) — U — V) in Q x (0, T)
Vi = hAV + V(m(x) — U — V) in Q x (0, T)
o,U=0,V=0 on 9Q x (0, T)

U(x,0) = Up(x) > 0, V(x,0) = Vp(x) >0 inQ.
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"Slower diffuser always prevails!”

Ur = di AU+ U(m(x) — U — V) in Q x (0, T)
Vi = hAV + V(m(x) — U — V) inQ x (0, T)
a,U=0,V=0 on 9Q x (0, T)

U(x,0) = Up(x) > 0, V(x,0) = Vp(x) >0 inQ.

@ /fdy < dy, then (U, V) — (64,,0) as t — oo regardless of Uy, Vo
(aslong as Uy # 0, V, #£ 0) [Dockery, Hutson, Mischaikow and
Pernarowski (1998)]
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"Slower diffuser always prevails!”

Ur = di AU+ U(m(x) — U — V) in Q x (0, T)
Vi = hAV + V(m(x) — U — V) inQ x (0, T)
a,U=0,V=0 on 9Q x (0, T)

U(x,0) = Up(x) > 0, V(x,0) = Vp(x) >0 inQ.

@ /fdy < dy, then (U, V) — (64,,0) as t — oo regardless of Uy, Vo
(aslong as Uy # 0, V, #£ 0) [Dockery, Hutson, Mischaikow and
Pernarowski (1998)]

@ “Slower diffuser always prevails!”
@ Here m(x) # constant is crucial!

@ Open: If more than 2 competing species involved, it is not known
if the slowest diffuser would prevail.
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Weak Competition in Heterogeneous Environment
Consider special case my = mo:

BAV + V(m(x)—bU—V)=0 inQ

diAU+Umx)—U—-cV)=0 inQ
,U=0,V=0 on 90

(Here, assume by = ¢, = 1 by rescaling.)
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Weak Competition in Heterogeneous Environment
Consider special case my = mo:

diAU+Umx)—U—-cV)=0 inQ
AV + V(m(x)—bU—-V)=0 inQ
aI/U:al/V:o on 9122

(Here, assume by = ¢, = 1 by rescaling.)

Theorem (Lou; JDE (2006))

Suppose my(x) = mp(x) > 0. ThenVb € (b,, 1), there exists ¢ € (0, 1]
small such that if ¢ € (0,¢€), (64, 0) is globally asymp stable for some

dy < db, where b, = mf/ /
a>0 Jo
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Weak Competition in Heterogeneous Environment
Consider special case my = mo:

diAU+Umx)—U—-cV)=0 inQ
bAV +V(mx)—bU—-V)=0 inQ
,U=0,V=0 on 90

(Here, assume by = ¢, = 1 by rescaling.)

Theorem (Lou; JDE (2006))

Suppose my(x) = mp(x) > 0. ThenVb € (b,, 1), there exists ¢ € (0, 1]
small such that if ¢ € (0,¢C), (64,, O) is globally asymp stable for some

dy < d», where b, = mf/ /
a>0 Jo

In particular, for some 0 < b, ¢ < 1 and dy, d», U will wipe out V, and
co-existence is no longer possible even when the competition is weak!
A remarkable theorem!
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Weak Competition in Heterogeneous Environment
Consider special case my = mo:

diAU+Umx)—U—-cV)=0 inQ
AV + V(m(x)—bU—-V)=0 inQ
8I/U:61/V:0 on 9122

(Here, assume by = ¢, = 1 by rescaling.)

Theorem (Lou; JDE (2006))

Suppose my(x) = mp(x) > 0. ThenVb € (b,, 1), there exists ¢ € (0, 1]
small such that if ¢ € (0,¢C), (64,, O) is globally asymp stable for some

dy < db, where b, = mf/ /
a>0 Jo

In particular, for some 0 < b, ¢ < 1 and dy, d», U will wipe out V, and
co-existence is no longer possible even when the competition is weak!
A remarkable theorem!

Open: What happens when c is not small?
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Directions to Explore

[Hutson, Lopez-Gomez, Mischaikow, Vickers;1995], [Cantrell-Cosner,
2003 (book)], [Lou, 2008 (survey)], ...

Wei-Ming Ni (ECNU and Minnesota) Mathematics of Diffusion December 15, 2012 9/36



Directions to Explore

[Hutson, Lopez-Gomez, Mischaikow, Vickers;1995], [Cantrell-Cosner,
2003 (book)], [Lou, 2008 (survey)], ...

@ (Q1): The effect of spatial concentration/variation: What if

my(x) # mo(x) but still with [ my = [, mx?

Up = dy AU + U(my(x) — U — V)
Vi = AV + V(mg(X) - U- V)

oLU=0,V=0

U(x,0) = Up(x) > 0, V(x,0) = Vo(x) >0

Wei-Ming Ni (ECNU and Minnesota)

Mathematics of Diffusion

inQx(0,T)
inQx (0, T)
on 9 x (0, T)
in Q;
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Directions to Explore

[Hutson, Lopez-Gomez, Mischaikow, Vickers;1995], [Cantrell-Cosner,
2003 (book)], [Lou, 2008 (survey)], ...

@ (Q1): The effect of spatial concentration/variation: What if
my(x) # mo(x) but still with [ my = [, mx?

U = di AU + U(mi(x) — U — V) in Q x (0, T)
Vi = AV + V(mo(x) — U — V) inQ x (0, T)
a,U=08,V=0 on 9Q x (0, T)
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@ (Q2): More fundamentally, the effect of spatial heterogeneity:
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my(x) # mo(x) but still with [ my = [, mx?
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@ (Q2): More fundamentally, the effect of spatial heterogeneity:
What if my # const but my(x) = constand [, my = [, mx? i.e.
spatial heterogeneity vs homogeneity;

@ (Q83): The effect of competition abilities: What if the inter-specific
competition coefficients are not 1 any more?
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Directions to Explore

[Hutson, Lopez-Gomez, Mischaikow, Vickers;1995], [Cantrell-Cosner,
2003 (book)], [Lou, 2008 (survey)], ...

@ (Q1): The effect of spatial concentration/variation: What if
my(x) # mo(x) but still with [ my = [, mx?

U = di AU + U(mi(x) — U — V) in Q x (0, T)
Vi = AV + V(mo(x) — U — V) inQ x (0, T)
a,U=08,V=0 on 9Q x (0, T)

U(x,0) = Up(x) >0, V(x,0) = Wo(x) >0 inQ;

@ (Q2): More fundamentally, the effect of spatial heterogeneity:
What if my # const but my(x) = constand [, my = [, mx? i.e.
spatial heterogeneity vs homogeneity;

@ (Q83): The effect of competition abilities: What if the inter-specific
competition coefficients are not 1 any more?

The rest of this talk is based on my joint work with Xiaoqging He.
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Principal Eigenvalue

Ap+ M A(X)p =0  inQ,
Op=0 on 99,

where h # const, could change sign in Q. \ is a principal eigenvalue if
there is a positive solution. (Note: 0 is always a principal eigenvalue.)
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Principal Eigenvalue

Ovp =0 on 99,

where h # const, could change sign in Q. \ is a principal eigenvalue if
there is a positive solution. (Note: 0 is always a principal eigenvalue.)

{Ag@ +A(X)p=0  inQ,

Lemma

The problem has a nonzero principal eigenvalue \y = A\ (h) iff h
changes sign and [, h # 0. More precisely, if h changes sign, then

Q@ J,h=0<« 0isthe only principal eigenvalue.

Q@ /,h>0s X(h)<O.

Q@ /,h<0& A(h)>0.

o A (h1) > A (hg) ifhy < ho, hy 7‘é ho, and hy ; ho both change sign.
@ )\ (h) is continuous in h; i.e. \1(hy) — X1(h) if hy — hin L°(Q).
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Spatial Concentration/Variation

Let pm be the unique solution of

Ap+m(m(x) —m) =0 in €,
Jor=0, op=0 on 09.
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Spatial Concentration/Variation

Let pm be the unique solution of

Ap+m(m(x) —m) =0 in €,
Jor=0, op=0 on 09.

Set

C(m) = ming pm + fq, [Voml?/(M?|92)
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Spatial Concentration/Variation

Let pm be the unique solution of

Ap+m(m(x) —m) =0 in €,
Jor=0, op=0 on 09.

Set
C(m) = ming pm + fq |V pml/(|02)

@ C(m) - A measure for spatial concentration/variation?
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Spatial Concentration/Variation

Let pm be the unique solution of

Ap+m(m(x) —m) =0 in €,
Jor=0, op=0 on 09.

Set
C(m) = ming pm + Jo, [V om[?/(T?|2)
@ C(m) - A measure for spatial concentration/variation?
@ (LC): C(m) >0
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Set
C(m) = ming pm + Jo, [V om[?/(T?|2)
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Set
C(m) = ming pm + Jo, [V om[?/(T?|2)
@ C(m) - A measure for spatial concentration/variation?
@ (LC): C(m) >0 = 0y m— m> 0forall dlarge
@ (SC):C(m <0
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Spatial Concentration/Variation

Let pm be the unique solution of

Ap+m(m(x) —m) =0 in €,
Jor=0, op=0 on 09.

Set
C(m) = ming pm + Jo, [Vom?/(M7122))
@ C(m) - A measure for spatial concentration/variation?
@ (LC): C(m) >0 = 0y m— m> 0forall dlarge
@ (SC): C(m) <0 = 0y, — mchanges signforalld >0
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Spatial Concentration/Variation

Let pm be the unique solution of

Ap+m(m(x) —m) =0 in €,
Jor=0, op=0 on 09.

Set
C(m) = ming pm + [ |V pm 2/ (FPIQ)
@ C(m) - A measure for spatial concentration/variation?
@ (LC): C(m) >0 = 0y m— m> 0forall dlarge
@ (SC): C(m) <0 = 0y, — mchanges signforalld >0
@ maxgm < 2m= C(m) <0
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Spatial Concentration/Variation

Let pm be the unique solution of

Ap+m(m(x) —m) =0 in €,
Jor=0, op=0 on 09.

Set
C(m) = ming pm + Jo, [V om[?/(T?|2)
@ C(m) - A measure for spatial concentration/variation?
@ (LC): C(m) >0 = 0y m— m> 0forall dlarge
@ (SC): C(m) <0 = 0y, — mchanges signforalld >0
@ maxgm < 2m= C(m) <0
@ For step function m = 7x(g,(1/7);, we have C(m) >0 < 7 >3
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Q2: Homogeneity vs Heterogeneity

(Q2): More fundamentally, the effect of spatial heterogeneity: What if
my # const but mp(x) = constand [, my = [, mo?
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heterogeneity vs homogeneity.
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Q2: Homogeneity vs Heterogeneity

(Q2): More fundamentally, the effect of spatial heterogeneity: What if
my # const but my(x) = constand [, my = |, mx? i.e. spatial
heterogeneity vs homogeneity.

Consider, for simplicity, denote my by m,and me = m =1,

Uy = di AU + U(m(x) — U — V)
Vi = hAV + V(1 —U—V)

o,U=0,V=0
U(X,O) = UO(X)7

Wei-Ming Ni (ECNU and Minnesota)

V(x,0) = Vo(x)

Mathematics of Diffusion

inQ x RT,
in Q x RT,
on 0 x R,
in Q.
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Q2: m#1=m&(LC):C(m)>0

U = dh AU + U(m(x) — U — V) in Q x R,
Vi = bAV + V(1 — U— V) in Q x R+,
a,U=0,V=0 on 99 x R+,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,
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Q2: m#1=m&(LC):C(m)>0

U = dh AU + U(m(x) — U — V) in Q x R,
Vi = bAV + V(1 — U— V) in Q x R+,
a,U=08,V=0 on 99 x R+,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

(le,ma 0) stable
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Q2: m#1=m&(LC):C(m)>0

U = dh AU + U(m(x) — U — V) in Q x R,
Vi = bAV + V(1 — U— V) in Q x R+,
a,U=08,V=0 on 99 x R+,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

@ (0,1) is ALWAYS unstable.

(dem, 0) stable
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Q2: m#1=m&(LC):C(m)>0

Ui = di AU+ U(m(x) — U - V) in Q x RT,
Vi=dbAV+ V(1 —-U-V) inQ x RT,
o,uU=90,V=0 on 90 x RT,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

@ (0,1) is ALWAYS unstable.

@ Blue curve separates locally
6, ,,» 0) stable (linearly) stable and unstable
’ regions for (64, m,0).

0 d
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Q2: m#1=m&(LC):C(m)>0

Ui = di AU+ U(m(x) — U - V) in Q x RT,
Vi=dbAV+ V(1 —-U-V) inQ x RT,
o,uU=90,V=0 on 90 x RT,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

@ (0,1) is ALWAYS unstable.

@ Blue curve separates locally
0, ,,» 0) stable (linearly) stable and unstable
’ regions for (64, m,0).
@ Limits of blue curve:

0 4
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Q2: m#1=m&(LC):C(m)>0

Ui = di AU+ U(m(x) — U - V) in Q x RT,
Vi=dbAV+ V(1 —-U-V) inQ x RT,
o,U=0,V=0 on 90 x RT,

U(x,0) = Us(x), V(x,0)= Vp(x) in Q,

d @ (0,1) is ALWAYS unstable.

@ Blue curve separates locally
(O, > 0) stable (linearly) stable and unstable
’ regions for (64, m,0).
@ Limits of blue curve: Tends to
oo as dy — 0,

0 4
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Q2: m#1=m&(LC): C(m) >

Ur = di AU + U(m
Vi = dbAV + V(1
a,U=08,V=0
U(x,0) = Uo(x),

@ > 0) stable

(x)—U-YV) inQ x RT,
-Uu-V) inQ xR,
on 0 x R,
V(x,0) = W(x) in Q,

@ (0,1) is ALWAYS unstable.

@ Blue curve separates locally
(linearly) stable and unstable
regions for (64, m, 0).

@ Limits of blue curve: Tends to
oo as dy — 0, and hits 0 (and
terminates) at some finite d.

0

Wei-Ming Ni (ECNU and Minnesota)
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Q2: m#1=m&(LC): C(m) >0

U = di AU + U(m(x) — U — V) in Q x R,
Vi = bAV + V(1 — U— V) in Q x R+,
a,U=0,V=0 on 99 x R+,

U(x,0) = Up(x), V(x,0)= Wo(x) in Q,

@ (0,1) is ALWAYS unstable.

@ Blue curve separates locally
(linearly) stable and unstable
regions for (64, m, 0).
'@, .0 @ Limits of blue curve: Tends to
:glob;ilystable oo as d; \, 0, and hits 0 (and
i terminates) at some finite d;.
@ (04, m,0) is globally asymp.
. stable for all d; large (uniform
dl in db).
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Q2: m#1=m&(SC): C(m) <0

U = di AU+ U(m(x) — U — V) in Q x R,
Vi = dbAV + V(1 = U—V) in Q x R,
0,U=08,V=0 on 9Q x R+,

U(x,0) = Up(x), V(x,0)= Vo(x) in Q,
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Q2: m#1=m&(SC): C(m) <0

U = di AU+ U(m(x) — U — V) in Q x R,
Vi = dbAV + V(1 = U—V) in Q x R,
0,U=08,V=0 on 9Q x R+,

U(x,0) = Up(x), V(x,0)= Vo(x) in Q,

(Hdpm , 0) stable

1
d=__ -
27 065 )
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Q2:

0

m#1=m&(SC): C(m) <0

U = di AU+ U(m(x) — U — V) in Q x R,
Vi = dbAV + V(1 = U—V) in Q x R,
0,U=08,V=0 on 9Q x R+,

U(x,0) = Up(x), V(x,0)= Vo(x) in Q,

@ (0,1) is ALWAYS unstable.

(Hdl)m, 0) stable

1
d=__ -
27 065 )

d
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Q2:

0

m#1=m&(SC): C(m) <0

U = di AU+ U(m(x) — U — V) in Q x R,
Vi = dbAV + V(1 = U—V) in Q x R,
0,U=08,V=0 on 9Q x R+,

U(x,0) = Up(x), V(x,0)= Vo(x) in Q,

@ (0,1) is ALWAYS unstable.

@ Blue curve separates locally
(linearly) stable and unstable
regions for (64, m,0).

(Hdl)m, 0) stable

1
d=_1
27 065 )

d,
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Q2:

0

m#1=m&(SC): C(m) <0

Us = dy AU + U(m(x) — U — V) in Q x R,
Vi = dbAV + V(1 — U — V) in Q x R,
8,U=0,V=0 on 99 x R+,

U(x,0) = Up(x), V(x,0)= Vo(x) in Q,

@ (0,1) is ALWAYS unstable.

@ Blue curve separates locally
(linearly) stable and unstable
regions for (64, m,0).

@ Limits of blue curve:

(Hdl)m, 0) stable

1
d=_1
27 065 )

d,
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Q2:

0

m#1=m&(SC): C(m) <0

Us = dy AU + U(m(x) — U — V) in Q x R,
Vi = dbAV + V(1 — U — V) in Q x R,
8,U=0,V=0 on 99 x R+,

U(x,0) = Up(x), V(x,0)= Vo(x) in Q,

@ (0,1) is ALWAYS unstable.

@ Blue curve separates locally
(linearly) stable and unstable
regions for (64, m, 0).

@ Limits of blue curve: it is co as
d1 — 0,

(Hdl)m, 0) stable

1
d=__ -
27 065 )

d
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Q2:

0

m#1=m&(SC): C(m) <0

Us = dy AU + U(m(x) — U — V) in Q x R,
Vi = dbAV + V(1 — U — V) in Q x R,
8,U=0,V=0 on 99 x R+,

U(x,0) = Up(x), V(x,0)= Vo(x) in Q,

@ (0,1) is ALWAYS unstable.

@ Blue curve separates locally
(linearly) stable and unstable
regions for (64, m, 0).

@ Limits of blue curve: it is co as
di — 0,and 0 as dy — .

(Hdl)m, 0) stable

1
d=__ -
27 065 )

d
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Q2: m#1=m&(SC): C(m) <0

U= diAU+ U(m(x) — U - V) in Q x Rt,
Vi = b AV + V(1 — U - V) in Q x R,
o,U=06,V=0 on 0Q x R,

U(x,0) = o(x), V(x,0)=Vo(x)  inQ,
@ (0,1) is ALWAYS unstable.

i @ Blue curve separates locally
(0> 0) stable (linearly) stable and unstable
regions for (64, m, 0).

i l(f;‘l“’oibl @ Limits of blue curve: it is co as
I d; —0,and 0 as dy — co.
: ® (64,.m,0) is globally asymp.
Sl et stable for all (0, db) in
0 o q (Dy,00) x (¢/Ds, o).
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Q2: m#1=m

U= diAU+ U(m(x) — U - V) inQ xR,
Vi = dbAV + V(1 — U - V) in Q x R,
o,U=0,V=0 on 0Q x R,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

a, 0 1, 0
t /
(Hdpm, 0) stable
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Q2: m#1=m

Uy = di AU + U(m(x) — U — V)
Vi = bAV + V(1 — U~— V)

oU=0,V=0

U(x,0) = Up(x),

d. 0
?

(Hdpm, 0) stable

@, 0

V(x,0) = Vo(x)

inQ x RT,
inQ x RT,
on 90 x RT,
in Q,

@ Yellow region denotes stable

=10

v
my X) . 0)

Wei-Ming Ni (ECNU and Minnesota)

Mathematics of Diffusion

co-existence s.s.
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Q2:

(my2

Wei-Ming Ni (ECNU and Minnesota)

m#1 =T

Uy = di AU + U(m(x) — U — V)
Vi = bAV + V(1 — U~— V)

o,U=0,V=0
U(Xa 0) = UO(X)7

@ 0 (L. 0)
1

(Hdpm, 0) stable

=10

v
1) @, 0 4

V(x,0) = Vo(x)

Mathematics of Diffusion

inQ x RT,
inQ x RT,
on 90 x RT,
in Q,

@ Yellow region denotes stable

co-existence s.s.

@ Red arrows are directions of

limits for s.s.
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Q2:

(my2

Wei-Ming Ni (ECNU and Minnesota)

m#1 =T

Uy = di AU + U(m(x) — U — V)
Vi = bAV + V(1 — U~— V)

o,U=0,V=0
U(Xa 0) = UO(X)7

@ 0 (L. 0)
1

(Hdpm, 0) stable

=10

v
1) @, 0 4

V(x,0) = Vo(x)

Mathematics of Diffusion

inQ x RT,
inQ x RT,
on 90 x RT,
in Q,

@ Yellow region denotes stable

co-existence s.s.

@ Red arrows are directions of

limits for s.s.
@ m=infm.
Q

December 15, 2012

17/36



Q2: m#£1=m

U= diAU+ U(m(x) — U - V) inQ xR,
Vi = dbAV + V(1 — U - V) in Q x R,
o,U=0,V=0 on 0Q x R,

U(x,0) = Up(x), V(x,0)=Vo(x)  inQ,
@ Yellow region denotes stable

- ) . 0 co-existence s.s.
@, . 0) stable ° Begl arrows are directions of
n —m, @L @ limits for s.s.
e m= i?zf m.

o Ot ={m> ()1}
= (1, 0) (assuming [{m = 1}| = 0).

v
A = ) g
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Q2: m#£1=m

(my2

Wei-Ming Ni (ECNU and Minnesota)

Uy = dy AU + U(m(x) — U — V) in Q x RY,

Vi = hAV + V(1 = U—V)

oU=0,V=0

inQ x RT,
on 90 x RT,

U(x,0) = Up(x), V(x,0)= Vo(x) inQ,

a, 0 1, 0
t /
(Hdpm, 0) stable

=10

v
1) @, 0 4

@ Yellow region denotes stable
co-existence s.s.

@ Red arrows are directions of
limits for s.s.

om= i?zfm.
o Ot = {m> (<)1}
(assuming [{m = 1}| = 0).

@ For d; large, U tends to
dominate, regardless.
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Q2: m#1=m

Ut = di AU+ U(m(x) — U - V) inQ x RT,
Vi=dbAV+ V(1 -U-V) inQ x RT,
o,U=06,V=0 on 0Q x R,
U(x,0) = Uys(x), V(x,0)= Vp(x) in Q,
d, Figure : (m, 1)
(LTO) /(1, 0

(Hdpm, 0) stable

- o

v
my " X) @, 0) d,
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Q2: m#1=m

U = di AU + U(m(x) — U — V)
Vi = dbAV + V(1 — U~— V)

(Hdpm, 0) stable

-,

v
my " X) € 0 d

Wei-Ming Ni (ECNU and Minnesota) Mathematics of Diffusion

inQ x RT,
inQ x RT,
o,U=06,V=0 on 0Q x R,
U(x,0) = Us(x), V(x,0)= Vo(x) in Q,
dl
(LTO) /(1, 0)

Figure : (mxg., xg-)
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Q2: m#1=m

Ut = di AU+ U(m(x) — U - V) inQ x RT,
Vi=dbAV+ V(1 -U-V) inQ x RT,
o,U=06,V=0 on 0Q x R,
U(x,0) = Uys(x), V(x,0)= Vp(x) in Q,
d, Figure : (m, 1)
(LTO) /(1, 0

(Hdpm, 0) stable

- o

v
my " X) @, 0) d,
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Q2: m#1=m

Uy = dy AU + U(m(x) — U — V)
Vi = hAV + V(1 — U~ V)
a,U=08,V=0

U(x,0) = Up(x), V(x,0) = Vo(x)

a, 0 1, 0
? /

(Hdpm, 0) stable

- o

inQ x RT,
inQ x RT,
on 90 x RT,
in Q,

Figure : (m— m, m)

v
my " X) @, 0) d,
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Q2: Homogeneity vs Heterogeneity m=1=m

U= diAU+ U(m(x) — U - V) inQ x R,
Vi = dbAV + V(1 — U — V) in Q x R,
oU=0,V=0 on 00 x R,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

Recap:
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Q2: Homogeneity vs Heterogeneity m=1=m

U= diAU+ U(m(x) — U - V) inQ x R,
Vi = dbAV + V(1 — U — V) in Q x R,
oU=0,V=0 on 00 x R,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

Recap:
@ Heterogeneous m(x) seems "superior” to homogeneous ones.
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Q2: Homogeneity vs Heterogeneity m=1=m

U= diAU+ U(m(x) — U - V) inQ x R,
Vi = dbAV + V(1 — U — V) in Q x R,
oU=0,V=0 on 00 x R,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

Recap:
@ Heterogeneous m(x) seems "superior” to homogeneous ones.

@ For U with heterogeneous m(x), the larger the concentration (of
m(x)), the better!
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Q2: Homogeneity vs Heterogeneity m=1=m

U= diAU+ U(m(x) — U - V) in Q x R,
Vi = AV + V(1 — U —V) in Q x R,
o,U=0,V=0 on 90 x RT,

U(x,0) = Uo(x), V(x,0)=Vo(x) inQ,
Recap:
@ Heterogeneous m(x) seems "superior” to homogeneous ones.

@ For U with heterogeneous m(x), the larger the concentration (of
m(x)), the better!

@ For U with heterogeneous m(x), the larger the diffusion rate d;,
the better!
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Q2: Homogeneity vs Heterogeneity m=1=m

U= diAU+ U(m(x) — U - V) in Q x R,
Vi = AV + V(1 — U —V) in Q x R,
o,U=0,V=0 on 90 x RT,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

Recap:
@ Heterogeneous m(x) seems "superior” to homogeneous ones.

@ For U with heterogeneous m(x), the larger the concentration (of
m(x)), the better!

@ For U with heterogeneous m(x), the larger the diffusion rate d;,
the better
(This seems interesting, especially compared to "Slower diffuser
always prevails!”)
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Q2: Homogeneity vs Heterogeneity m=1=m

Ur = dy AU + U(m(x) — U — V) in Q x R*,
Vi = AV + V(1 — U—V) in Q x R*,
a,U=0,V=0 on 99 x R,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

Recap:

@ Heterogeneous m(x) seems "superior” to homogeneous ones.

@ For U with heterogeneous m(x), the larger the concentration (of
m(x)), the better!

@ For U with heterogeneous m(x), the larger the diffusion rate d;,
the better!
(This seems interesting, especially compared to "Slower diffuser
always prevails!”)

@ On the other hand, for any d; fixed, (64, m,0) is globally asymp
stable for all ds large; i.e. U still prevails if ds is large.
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Proof of lim lim (Uy, a,, Va,.0,) = (M — m, m)
dg—)OO d1—>0Jr ’ ’

Step I: |il'\"|d1_>0+(Ud1 o> Vd1,d2) = (Uo,d2, V07d2), where

1V0,0, | oe(2) > infm,

for any d> > 0.
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Proof of lim lim (Uy, a,, Va,.0,) = (M — m, m)
d—s00 di—0*

Step I: Iimd1_>0+(Ud1 o> Vd1,d2) = (Uo,dz, VO,dg), where
Vo, Il Lo (@) > igf m,

for any d, > 0. For, otherwise, as d; — 0
equation for U = Up g, = m— Vo g4,

equation for V = 1 — Uy, 4, — Vi, @, — (1 — m) uniformly on Q.
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Proof of lim lim (Uy, a,, Va,.0,) = (M — m, m)
th—00 0h—0+ /

Step I:limg, 0+ (U, 005 Va,,a) == (Uo,05 V0,0,), Where
Vo6l < () > infm,
for any d, > 0. For, otherwise, as d; — 0
equation for U = Up g, = m— Vo g4,

equation for V = 1 — Uy, 4, — Vi, @, — (1 — m) uniformly on Q.

However, again by equation for V, as d; — 0,
d2_1 =M(1- Ud, .0 — Vd1,d2) —M(1—m) =0,

a contradiction (since d, is arbitrary but fixed and finite so far).
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Proof of lim

[im V =(m—-—mm
oo d1_>0+(Ud1,d27 d17d2) ( , —)

Step I:limg, 0+ (Ug, dp» Vaty,a0) = (Uo,0» V0,0,), Where

[ Vo,a [l Lo (02) > igf m.

Wei-Ming Ni (ECNU and Minnesota)
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Proof of lim lim (Uy, a,, Va,.0,) = (M — m, m)
dg—)OO d1—>0Jr

Step I:limg, 0+ (Udy,d> Vo ,00) := (Uo,0p Vo,0,), Where

[ Vo,a [l Lo (02) > igf m.

Step Il: dzlgnoo d1lgg)+(Ud1,d2, Vo) = (M — &, ), for some

Oggglgfm.
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Proof of O/Iim C],Iln?) (Uay.a, Vd.00) = (M — m, m)

Step I:limg, 0+ (Udy,d> Vo ,00) := (Uo,0p Vo,0,), Where

[ Vo,a [l Lo (02) > igf m.
Step 1l: dzlinoo d1|[)f(]) (Ud1 s thdz) = (m — é" 5)’ for some

ngglgfm.

Since lim I|m (Ud1,d27 Va, o) = (Uo, 00, Vo,00), Where Vg oo =€ >0,

dg—)OO d1 —0
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Proof of dlim C],Iln?) (Uay.a, Vd.00) = (M — m, m)

Step I:limg, 0+ (Udy,d> Vo ,00) := (Uo,0p Vo,0,), Where

[ Vo,a [l Lo (02) > igf m.

Step Il: lim lim (Udhdz,vdhdz):(m—g,g),for some

d2 —o00 d;—07t

ngglgfm.

Since lim lim (Ud1 o Va,.d) = (Uo 0o, Vo,00), Where Vo oo =& >0,
dg—)OO d1~) ’ ’ ’ ’ ’

we have
Upoo = (m—¢)Tand [o(1 —(m—&)T —¢)=0.
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Proof of dlim C],Iln?) (Uay.a, Vd.00) = (M — m, m)

Step I:limg, 0+ (Udy,d> Vo ,00) := (Uo,0p Vo,0,), Where

[ Vo,a [l Lo (02) > igf m.

Step II: dzlinoo d1||_r)r(1) (Ug, dp> Vo, a,) = (M =&, &), for some

ngglgfm.

Since lim lim (Ud1,d27 Va, o) = (Uo, 00, Vo,00), Where Vg oo =€ >0,
dg—)OO d1~)
we have
Upoo = (m—¢)Tand [o(1 —(m—&)T —¢)=0.

Thus m=1 :>§§|gfm.
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Proof of lim lim (Uy, a,, Va,.0,) = (M — m, m)
dg*)OO d1*>0

Step I:limg, 0+ (Udy,d> Vo ,00) := (Uo,0p Vo,0,), Where

[ Vo,a [l Lo (02) > igf m.

Step Il: lim lim (Ud1,d27 Vo, ) = (Mm—§,§), for some

d2 —o00 d;—07t

ngglgfm.

Since lim I|m (Udy 0 Vet a) = (U,so, Vo,00), Where Vo oo = £ >0,

d2—)00 d1 —0

we have
Upoo = (m—¢)Tand [o(1 —(m—&)T —¢)=0.
Thus m=1=¢< |gfm.

Since Step | = ¢ > infm lim lim V, infm=m.
P E—Q " oo =0+ d,de =g -
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Ql: m#zm& [,my = [,m;

U= diAU+ U(my(x) — U - V) inQ x R*,
Vi= AV + V(my(x)—U-V) inQ xR*,
o,U=06,V=0 on 0Q x R,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,
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Ql: m#zm& [,my = [,m;

U= diAU+ U(my(x) — U - V) inQ x R*,
Vi= AV + V(my(x)—U-V) inQ xR*,
o,U=06,V=0 on 0Q x R,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,
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Ql: m#zm& [,my = [,m;

U= diAU+ U(my(x) — U - V) inQ x R*,
Vi= AV + V(my(x)—U-V) inQ xR*,
o,U=06,V=0 on 0Q x R,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

@ The blue curve separates
(locally) linearly stable and
unstable regions for (04, m,,0).
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Ql: m#zm& [,my = [,m;

U= diAU+ U(my(x) — U - V) inQ x R*,
Vi= AV + V(my(x)—U-V) inQ xR*,
o,U=06,V=0 on 0Q x R,

U(x,0) = Up(x), V(x,0)= Vo(x) inQ,

@ The blue curve separates
(locally) linearly stable and
unstable regions for (04, m,,0).

@ Limits of blue curve: Both are
oo when di — 0 or co.
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Ql: m#zm& [,my = [,m;

U= diAU+ U(my(x) — U - V) inQ x R*,
Vi= AV + V(my(x)—U-V) inQ xR*,
o,U=06,V=0 on 0Q x R,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

©, 0

o, ) stable
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Ql: m#zm& [,my = [,m;

U= diAU+ U(my(x) — U - V) inQ x R*,
Vi= AV + V(my(x)—U-V) inQ xR*,
o,U=06,V=0 on 0Q x R,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

@ The two white regions are
disjoint and never touch each
other!
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Ql: m#zm& [,my = [,m;

U= diAU+ U(my(x) — U - V) inQ x R*,
Vi= AV + V(my(x)—U-V) inQ xR*,
o,U=06,V=0 on 0Q x R,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

@ The two white regions are
disjoint and never touch each
other!

@ Yellow region denotes stable
co-existence s.s.
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Ql: m#zm& [,my = [,m;

Ur = di AU+ U(my(x) — U - V)
Vi = AV + V(my(x) — U - V)
HU=0,V=0

U(x,0) = Uo(x), V(x,0) = Vo(x)

d,

@, -0 gas.
R N

(=, m, (Hdl,ml’ 0) stable

(€
- 0. 46,,,) gas.
0 v
(Y ATV 7, m,—my) d
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Ql: m#zm& [,my = [,m;

Ui =di AU+ U(my(x)—U-V)
Vi=dAV + V(ma(x)—U-V)
oU=0,V=0

U(x,0) = Up(x), V(x,0) = Vo(x)

d,

@, -0 gas.
R N

(=, m, (Hdl,ml’ 0) stable

(€
- 0.4,,,) gas.
0 v
(Y ATV 7, m,—my) d
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inQ x RT,
inQ x RT,
on 90 x RT,
in Q,
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@ Red arrows denote directions
of limits for s.s.
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Ql: m#zm& [,my = [,m;

U= diAU+ U(my(x) — U - V) inQ x R*,
Vi= AV + V(my(x)—U-V) inQ xR*,
o,U=06,V=0 on 0Q x R,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

dl
@, -0 gas.
k|
© OT) stable @ Red arrows denote directions
(| S of limits for s.s.
(€
e m=infm;,i=1,2.
— Q
- 0, 0,,, gas.
0 v
(Y ATV 7, m,—my) d
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Ql: m#zm& [,my = [,m;
Ur = di AU + U(my(x) — U — V) in Q x R+,
Vi= AV + V(my(x)—U-V) inQ xR*,
o,U=06,V=0 on 0Q x R,
U(x,0) = Up(x), V(x,0)= Vo(x) in £,

@,

i

(@ > 0) stable

m 0) gas.

(my=my my

©, 0

> Vdymy

) stable
- (Os edg.w

@ Red arrows denote directions
of limits for s.s.

° m;:infm,-, i=1,2.

o QF() = {my > (<)my}

) gas. (assuming [{my = mp}| = 0).

MY M)

(my my=m)
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Ql: m#zm& [,my = [,m;

U= diAU+ U(my(x) — U - V)
Vi = b AV + V(mo(x) — U — V)
uU=9,V=0

U(x,0) = Up(x), V(x,0)= Vy(

inQ xR,

inQ x R,

on 9Q x RT,
X) in Q,

Figure : (myxq+, Maxq-)

d,
@, -0 gas.
R N
(=, m, (Hdl,ml’ 0) stable
(€

|
= (0. 0,,,) gas. |
by !
v |
(’nxgo m %) 7, m,—my) d 1
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Ql: m#zm& [,my = [,m;

U= diAU+ U(my(x) — U - V) inQ x R*,
Vi= AV + V(my(x)—U-V) inQ xR*,
o,U=06,V=0 on 0Q x R,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

d, Figure : (m1xqa+, Maxa-)
@, ., 0 gas.
k| T
(ny—m,, m; (041”1’ 0) stable m
(€
- (0, 4,,,) gas.
v
Ly M) (@, m =) a
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Ql: m#zm& [,my = [,m;

Ui =adiAU + U(m1(x)— U-— V)
Vi=dAV + V(mg(X) —U— V)
o,U=0,V=0

inQ x RT,
inQ x RT,
on 90 x RT,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

Figure : (my, me — my)

d,
@, -0 gas.
R N
(=, m, (Hdl,ml’ 0) stable
(€

|
= (0. 0,,,) gas. |
by !
v |
(’nxgo m %) 7, m,—my) d 1
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Ql: m#zm& [,my = [,m;

U= diAU+ U(my(x) —U—-V) inQ x R*,
Vi= AV + V(my(x)—U-V) inQ xR*,
o,U=06,V=0 on 0Q x R,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

d, Figure : (mz, me — my)

@, ., 0 gas.
171 T

(ny—m,, m; (0d1,m1’ 0) stable

(€
= 0.6, gas.
')
MY 1Y) @y, m ) 4
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Recap:

U= diAU+ U(my(x) — U - V) inQ xR*,
Vi= AV + V(my(x)—U-V) inQ xR*,
o,U=0,V=0 on 0Q x R,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,
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Recap:

Ui =adiAU + U(m1(x) - U-— V)
Vi=dhAV + V(mg(X) —U - V)

V(x,0) = Vo(x)

Il my # mp, my = mg;

oLU=0,V=0
U(x,0) = Uo(x),
l.m =m,=m;

(m, O)‘_(gd,,m’ 0) g.as.

©. 0, gas.

|
0 ©. m) d,

Wei-Ming Ni (ECNU and Minnesota)

() oy ;)) gas.

(m—my, m

(Hd‘ > 0) stable

©, 911;«"1;) stable

- 0. 0,,, gas.

v
) M) @y ) 4
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inQ x RT,
inQ x RT,
on 90 x RT,
in Q,

. m=1=ms.

a, 0y (1
1 /!

n—m, (t9dpm, 0) stable

=@ 0

. 0)

(my2

— '3
7o) (@ 0
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Stability of (64, m,,0)

U= diAU+ U(my(x) — U - V) inQ xR*,
Vi= AV + V(my(x)—U-V) inQxR*,
oU=0,V=0 on 0Q x R,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,
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Stability of (64, m,,0)

U= diAU+ U(my(x) — U - V) inQ xR*,
Vi= AV + V(my(x)—U-V) inQxR*,
oU=0,V=0 on 0Q x R,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

l.m=m=m, . my £ mo, my = mo; . m=1=ms.
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Stability of (64, m,,0)

Ui =adiAU + U(m1(x) - U-— V)
Vi=dhAV + V(mg(X) —U - V)

ouU=0,V=0
U(x,0) = Uys(x), V(x,0)= Vp(x)
l.m =m,=m; . my £ mo, my = mp;
d

2

@

). > 0) stable in Il
2

d,= 1
2 A0=6 )
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Stability of (64, m,,0)

Ut =di AU+ U(my(x)—U-V) inQ x RT,
Vi= AV + V(my(x)—U-V) inQxR*,
oU=0,V=0 on 0Q x R,
U(x,0) = Up(x), V(x,0)=VWo(x) inQ,
l.m=m=m, . my £ mo, my = mo; . m=1=ms.
d

2

A1ma =64 )

@

). > 0) stable in Il
2

d,= 1
2 A0=6 )

0 d
Ilmd1—)<>0 >\1 (m2 - 9d1,m1) = 0
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Stability of (64, m,,0)

Ui =adiAU + U(m1(x)— U-— V)
Vi=dhAV + V(mg(X) —U - V)
o,U=0,V=0

inQ x RT,
inQ x RT,
on 90 x RT,

U(x,0) = Up(x), V(x,0)=Vo(x) inQ,

I.m1zmgzm;

Wei-Ming Ni (ECNU and Minnesota)

d

2

0

. my img,W:Wg; . my=1=mo.

A1ma =64 )

(

> 0) stablein 111

d,= !
2 A0=6 )

d
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Linearized eigenvalue problem

We first observe the 1st eigenvalue of

{ dAY +h(xX)yp+pup =0 inQ

oY =0 on 9Q
is given by
o JaldIVe? — h(x)y?]
pa(d, h) = dleﬂf(ﬂ) { fQ )2
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Linearized eigenvalue problem

We first observe the 1st eigenvalue of

{ dAY +h(xX)yp+pup =0 inQ

o =0 on 9Q
is given by
. JaldI VY2 — h(x)y?]
d,h)= inf
M ( ) peH (@) { fQ ¢2
Lemma

(@) pi(d, h) is strictly + in d and, h(x) = k(x) = p1(d, h) < p1(d, k).
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Linearized eigenvalue problem

We first observe the 1st eigenvalue of

{ dAY +h(xX)yp+pup =0 inQ

o =0 on 9Q
is given by
. JaldI VY2 — h(x)y?]
d,h)= inf
M ( ) veH Q) { fQ ¢2
Lemma

(@) pi1(d, h) is strictly 1 in d and, h(x) = k(x) = u1(d, h) < py(d, k).
(b) limg_,o p21(d, h) = ming(—h) and limg_,, p1(d, h) = —h
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Linearized eigenvalue problem

We first observe the 1st eigenvalue of

{ dAY +h(xX)yp+pup =0 inQ

o =0 on 9Q
is given by
. JaldI VY2 — h(x)y?]
d,h)= inf
M ( ) veH Q) { fQ ¢2
Lemma

(@) pi1(d, h) is strictly 1 in d and, h(x) = k(x) = u1(d, h) < py(d, k).
(b) limg_,o p21(d, h) = ming(—h) and limg_,, p1(d, h) = —h

Note: u1(d,h) =0 < d =1/ (h)
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Sketch of Proofs

Ur = AU + U(my(x) — U — V)
Vi= AV + V(mg(X) - U- V)
oU=0,V=0

Linearize the system at (64, m,,0):

Wei-Ming Ni (ECNU and Minnesota) Mathematics of Diffusion

in Q x RT,
inQ x RT,
on o0 x RT.
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Sketch of Proofs

U= AU+ Um(x) - U—-V)  inQxR",
Vi = bAV + V(mp(x) —U—V)  inQxR*,
o,U=08,V=0 on 9Q x R*.

Linearize the system at (64, m,,0):

LAV, + \Ug(mg - 9d1,m1) + AV, =0 in Q (L1)

A1 AV, + Wy (m1 - 20d1,m1) - 9d1,m1 Vo + AW =0 inQ
6,,\IJ1 = 8,/“/2 =0 on 99).
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Sketch of Proofs

U= AU+ Um(x) - U—-V)  inQxR",
Vi = bAV + V(mp(x) —U—V)  inQxR*,
o,U=08,V=0 on 9Q x R*.

Linearize the system at (64, m,,0):

b AV, + \Ug(mg - 9d1,m1) + AV, =0 in Q (L1)

A1 AV, + Wy (m1 - 29d1,m1) - 6d1,m1 Vo + AW =0 inQ
61,“/1 = (3,,“12 =0 on 012.

Let 111 (a2, mo — 04, m, ) be the 1st eigenvalue of

Ay +Y(mp — g, m,) +pp =0inQ,  9,p = 0on Q. (S1)
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Sketch of Proofs

U= AU+ Um(x) - U—-V)  inQxR",
Vi = bAV + V(mp(x) —U—V)  inQxR*,
o,U=08,V=0 on 9Q x R*.

Linearize the system at (64, m,,0):

b AV, + \Ug(mg - 9d1,m1) + AV, =0 in Q (L1)

A1 AV, + Wy (m1 - 29d1,m1) - 6d1,m1 Vo + AW =0 inQ
61,‘1’1 = (3,,“12 =0 on 012.

Let 111 (a2, mo — 04, m, ) be the 1st eigenvalue of
Ay +Y(mp — g, m,) +pp =0inQ,  9,p = 0on Q. (S1)

Claim: Stability of (L1) = stability of (S1).

Wei-Ming Ni (ECNU and Minnesota) Mathematics of Diffusion December 15, 2012 35/36



Sketch of Proofs

U= AU+ Um(x) - U—-V)  inQxR",
Vi = bAV + V(mp(x) —U—V)  inQxR*,
o,U=08,V=0 on 9Q x R*.

Linearize the system at (64, m,,0):

b AV, + \Ug(mg - 9d1,m1) + AV, =0 in Q (L1)

A1 AV, + Wy (m1 - 29d1,m1) - 6d1,m1 Vo + AW =0 inQ
61,“/1 = (3,,“12 =0 on 012.

Let 111 (a2, mo — 04, m, ) be the 1st eigenvalue of

Ay +Y(mp — g, m,) +pp =0inQ,  9,p = 0on Q. (S1)
Claim: Stability of (L1) = stability of (S1).
Thus led to the region d> > 1/A(m2 — 04, m,) in Case I,

while in Case lll(my = m,mp = 1), do > 1/X(1 — 04, m)-
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Sketch of Proofs

Iimd1—)(>o )‘1 (m2 - 9d1,m1) = Oa

liMg, 00 M (1 = 0g, m) = 00

Wei-Ming Ni (ECNU and Minnesota)
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Sketch of Proofs

Iimd1_>oo )\1 (m2 — 0d1,m1) = 0, Iimd1_>oo )\1 (1 — 9d1,m) = OoQ.
Recall property of A\1(:): [, h=0<« 0is the only principal
eigenvalue; \¢(h) is continuous in h.
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Sketch of Proofs

Mg, 00 M (M2 = Ogy m) = 0, liMg, 00 M(1 = 0y m) = 0.
Recall property of A\1(:): [, h=0<« 0is the only principal
eigenvalue; \{(h) is continuous in h.

Notation: 6 := 0g, m, A1 := M (1 — 0g,.m)-
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Sketch of Proofs

Iimd1—>oo )\1 (m2 - 9d1,m1) = 0’ Iimd1—>oo >‘1 (1 - 9d1,m) = o0.
Recall property of A\1(:): [, h=0<« 0is the only principal
eigenvalue; \¢(h) is continuous in h.

Notation: 6 := 0g, m, A1 := M (1 — 0g,.m)-
Ap+A-(1-0)p=0inQ, 09,p=00n02Q,
diAd+(m—0)0=0inQ, 09,0 =0o0no0N.

0= Jq Vel + X [0 —1)$?

= Jo Vel + M Jo(0 = 0) (0 = @)@+ @) + M1 [o(0 — M)p?
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Sketch of Proofs

Iimd1—>oo )\1 (m2 - 9d1,m1) = 0’ Iimd1—>oo >‘1 (1 - 9d1,m) = o0.
Recall property of A\1(:): [, h=0<« 0is the only principal
eigenvalue; \¢(h) is continuous in h.

Notation: 6 := 0g, m, A1 := M (1 — 0g,.m)-
Ap+A-(1-0)p=0inQ, 09,p=00n02Q,
diAd+(m—0)0=0inQ, 09,0 =0o0no0N.

0= Jq Vel + X [0 —1)$?

= Jo Vel + M Jo(0 = 0) (0 = @)@+ @) + M1 [o(0 — M)p?

_ - _ 2
> [o [Vp[2 — 2leddle 19— 6Y2 1 (p — )7] + 2B [ |ve2

lImi%
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Sketch of Proofs

Iimd1—>oo )\1 (m2 - 9d1,m1) = 0’ Iimd1—>oo >‘1 (1 - 9d1,m) = o0.
Recall property of A{(-): [oh=0<« 0is the only principal
eigenvalue; A (h) is continuous in h.

Notation: 6 := 0g, m, A1 := M (1 — 0g,.m)-
Ap+X-(1-0)p=0inQ, 9J,po=00n02Q,
diAd+(m—60)0=0inQ, 0,0 =0o0n Q.
0= JolVel?+ A1 [o(0 — 1)¢?
= Jo IVol2 + X1 Jo(0 = 0)(¢ — @)(w + @) + A1 [0 — M)p?

- - _ 2
> [o [Vp[2 — 2leddle 19— 6Y2 1 (p — )7] + 2B [ |ve2

lImi%

9 7]l oo o2 9 5l oo
> (1 N H‘PZ‘HP” )j‘Q ’v¢|2 +>\1( dip? ||<P42‘<P|| )fQ|V0‘2

Imil5
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Sketch of Proofs

Iimd1—>oo )\1 (m2 - 9d1,m1) = 0’ Iimd1—>oo >‘1 (1 - 9d1,m) = o0.
Recall property of A{(-): [oh=0<« 0is the only principal
eigenvalue; A (h) is continuous in h.

Notation: 6 := 0g, m, A1 := M (1 — 0g,.m)-
Ap+X-(1-0)p=0inQ, 9J,po=00n02Q,
diAd+(m—60)0=0inQ, 0,0 =0o0n Q.
0= JolVel?+ A1 [o(0 — 1)¢?
= Jo IVol2 + X1 Jo(0 = 0)(¢ — @)(w + @) + A1 [0 — M)p?

- - _ 2
> [o [Vp[2 — 2leddle 19— 6Y2 1 (p — )7] + 2B [ |ve2

lImi%

9 7]l oo o2 9 5l oo
> (1 N H‘PZ‘HP” )j‘Q ’v¢|2 +>\1( dip? ||<P42‘<P|| )fQ|V0‘2

Imil5

> 0,
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Sketch of Proofs

Iimd1—>oo )\1 (m2 - 0d1,m1) = 0’ Iimd1—>oo >‘1 (1 - 9d1,m) = o0.
Recall property of A{(-): [oh=0<« 0is the only principal
eigenvalue; A (h) is continuous in h.

Notation: 6 := 0g, m, A1 := M (1 — 0g,.m)-
Ap+X-(1-0)p=0inQ, 9J,po=00n02Q,
diAd+(m—60)0=0inQ, 0,0 =0o0n Q.
0= Jo|Ve2+ A [o(0 —1)¢?
= Jo |Vl + X [o(0 = 0) (0 = @) + B) + M [o(0 — M)¢?

- - _ 2
> [o [Vp[2 — 2leddle 19— 6Y2 1 (p — )7] + 2B [ |ve2

lImi%

A1 Cllo+@|l o 2 Cllo+@lloo
> (1 M H‘PZ‘HP” )fQ’v90|2+>‘1( dip? ||<P42‘<P|| )fQ|V0‘2

Imil5

> 0,

if A1 — A" € [0, 00), since ¢, ¢ — const (chosen suitably small)
uniformly on .
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Sketch of Proofs

Iimd1—>oo )\1 (m2 - 0d1,m1) = 0’ Iimd1—>oo >‘1 (1 - 9d1,m) = o0.
Recall property of A{(-): [oh=0<« 0is the only principal
eigenvalue; A (h) is continuous in h.

Notation: 6 := 0g, m, A1 := M (1 — 0g,.m)-
Ap+X-(1-0)p=0inQ, 9J,po=00n02Q,
diAd+(m—60)0=0inQ, 0,0 =0o0n Q.
0= Jo|Ve2+ A [o(0 —1)¢?
= Jo |Vl + X [o(0 = 0) (0 = @) + B) + M [o(0 — M)¢?

- - _ 2
> [o [Vp[2 — 2leddle 19— 6Y2 1 (p — )7] + 2B [ |ve2

lImi%

A1 Cllo+@|l o 2 Cllo+@lloo
> (1 M H‘PZ‘HP” )fQ’v90|2+>‘1( dip? ||<P42‘<P|| )fQ|V0‘2

Imil5

> 0,

if A1 — A" € [0, 00), since ¢, ¢ — const (chosen suitably small)
uniformly on Q. Contradiction! Thus limg, o A1 (1 — 04, m) = 0. Ol
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